Abstract. The main purpose of this paper is to obtain the well-known results of H. Fujita and K. Hayakawa on the nonexistence of nontrivial nonnegative global solutions for the Cauchy problem for the equation
ON A LIOUVILLE-TYPE THEOREM AND THE FUJITA BLOW-UP PHENOMENON
with q ∈ (1, 1+
2 n ] on the half-space S := (0, +∞)×R n , n ≥ 1, as a consequence of a new Liouville theorem of elliptic type for solutions of ( * ) on S. This new result is in turn a consequence of other new phenomena established for nonlinear evolution problems. In particular, we prove that the inequality |u|t ≥ ∆u + |u| q , has no nontrivial solutions on S when q ∈ (1, 1 + ]. We also show that the inequality ut ≥ ∆u + |u| q−1 u has no nontrivial nonnegative solutions for q ∈ (1, 1 +
Introduction and preliminaries
We obtain the well-known results of H. Fujita and K. Hayakawa ([1] , [2] ) on the nonexistence of nontrivial nonnegative global solutions for the Cauchy problem for the equation (1) u t = ∆u + |u| q−1 u with any fixed q ∈ (1, 1 + 2 n ] on the half-space S := (0, +∞) × R n , n ≥ 1, as a consequence of a new result on the nonexistence of nontrivial nonnegative "entire" (defined on the whole half-space) solutions for (1) without taking their traces on the hyperplane t = 0 into account. This new result, which we naturally call a Liouville theorem of elliptic type, is especially interesting in connection with weak solutions on S, which have no "good" traces on t = 0.
Actually, we obtain a Liouville theorem of elliptic type for nonnegative solutions of equation (1) on the half-space S as a consequence of another new phenomenon established for nonlinear evolution problems. Namely, we prove that for any fixed |u| t ≥ ∆u + |u| q has no nontrivial solutions on S. As a simple consequence of this result we obtain that for any fixed q ∈ (1, 1 +
2 n ] the inequality (3) u t ≥ ∆u + |u| q−1 u has no nontrivial nonnegative solutions on S. We also prove that for q > 1 inequality (3) has no solutions on S bounded below by a positive constant. The approach developed herein is directly applicable to obtaining similar blowup results for wide classes of equations, inequalities and systems of equations and inequalities with linear and nonlinear differential operators, considered on the halfspace S as well as on Riemannian manifolds; in particular, it is applicable to obtaining similar Liouville-type results for inhomogeneous analogues of (1)- (3), for example, in the framework of [3] .
The results
In what follows, q ≥ 1 and the symbol (1) on S we understand a function u(t, x) which belongs to the space L q,loc (S) and satisfies the integral equation
n , and let u(t, x) be a nonnegative solution of (1) on S. Then u(t, x) = 0 a.e. on S.
Definition 2. By a solution of (2) on S we understand a function u(t, x) which belongs to the space L q,loc (S) and satisfies the integral inequality
and let u(t, x) be a solution of (2) on S. Then u(t, x) = 0 a.e. on S.
In addition to Theorem 2, we obtain below (Proposition 1) an a priori estimate for solutions of (2), which is of independent interest and is needed in the proof of Theorem 2.
In what follows, P (r) := {(t, x) ∈ S : t + |x| 2 < r} for any fixed r > 0.
Proposition 1. Let q > 1, and let u(t, x) be a solution of (2) on S. Then there exists a constant c > 0 such that the inequality
holds for any R > 0.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Definition 3. By a solution of (3) on S we understand a function u(t, x) which belongs to the space L q,loc (S) and satisfies the integral inequality
n , and let u(t, x) be a nonnegative solution of (3) on S. Then u(t, x) = 0 a.e. on S.
Remark 1. Since the nonnegative solutions of (1) and (3) are solutions of (2), Theorems 1 and 3 are simple consequences of Theorem 2. In addition, a priori estimates for nonnegative solutions of (1) and (3) hold, and are similar to the estimate of Proposition 1. (1) and inequalities (2) and (3), respectively, on S. If q > 1 + 2 n , then, by the well-known results on the existence of nontrivial nonnegative global solutions of the Cauchy problem for equation (1) (see [1] or, e.g., [4] , [6]), it is clear that there exist nontrivial nonnegative solutions of (1), (2) and (3) on S.
However, the nonexistence of nonnegative solutions of (1) and (3) Remark 3. Since Theorem 1 is a simple consequence of Theorem 3, and since we impose no conditions on the behavior of the solutions of (1) and (3) on the hyperplane t = 0, the nonexistence of nontrivial nonnegative global solutions for the Cauchy problem with arbitrary initial data for (1) and (3) with q ∈ (1, (2), namely, the nonexistence of nontrivial global solutions for the Cauchy problem with arbitrary initial data for (2) with q ∈ (1, 2 n ] is a special case of Theorem 2. Also, the nonexistence of nontrivial global solutions, bounded below by a positive constant, for the Cauchy problem with arbitrary initial data for (1) and (3) with any fixed q > 1 is a special case of Theorem 4. For a survey of the literature on blow-up results for the Cauchy problem we refer to [4] -[6].
The proofs
In what follows, a "smooth" function is a C ∞ -function.
Proof of Theorem 2. Let q > 1 and let u(t, x) be a solution of (2) (2 ), where the positive constant s ≥ 2 will be chosen below, we obtain
Since η ≥ 0 for all t > 0, the second integral on the left-hand side of (5) is nonnegative. Therefore, (6) s
it follows easily from (6) that
Estimating all the integrals on the left-hand side of (7) by Hölder's inequality, we arrive at
In what follows, we use the symbols c i , i = 1, 2, . . . , to denote constants depending on n, q, and s, but not on τ, r, or R. Now, we choose in (8) and ψ can be chosen such that
Furthermore, since
it follows from (9) that S |u| q η 2 dtdx is bounded. Thus, by monotonicity,
for any sequence r k → +∞, which, combined with (9), gives (11)
as r k → +∞. This in turn implies S |u| q η 2 dtdx = 0. Using the fact that the function η(t) equals 1 on the interval [2τ, +∞) and τ > 0 is arbitrary, we obtain u(t, x) = 0 a.e. on S.
Proof of Proposition 1. Here, we use notation from the proof of Theorem 2 in order to prove a priori estimate (4) for solutions of (2). This estimate follows directly from inequality (9). Indeed, given R = 2r > 0, inequality (9) implies, for a certain 
, where the positive constant s ≥ 2 will be chosen below, we obtain
Since η ≥ 0 for all t > 0, the second integral on the left-hand side of (13) is nonnegative. Therefore, (13) yields (14) s
Since for a nonnegative solution u we have u = |u|, we may repeat the proof of Theorem 2 word for word from (6) to (9). As a result we obtain the inequality for any fixed q > 1 and any R > 0. Thus, for sufficiently large R, we have the contradiction to our assumption about the existence of solutions for (3) on S bounded below by a positive constant.
